Lecture 2:
- Solvers & Encoding

-------------------------------------------------------------------------------------------------------



Reminders

e Homework 0 due Monday, Sept 9, 11.59PM
e Cindy's OH: Wed 6-7pm

e Ishaan's OH: Thurs 6-7pm (subject to change, will
announce on Ed)

e OH in Levine 3rd floor bump space (for now)

e Homework 1 will be posted either after class or sometime
IN the next day or two. Will have 2 weeks to complete it.

e Make sure you have access to Ed
e Gradescope: 3RDWG3



Accommodations

If you have any special accommodations (i.e.
things that would prevent you from submitting
a H\W at a certain time), please let me know

ASAP.
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Kaan Erdogmus & Shriyash Upadhyay
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Optimal Asset Portfolios

Soham Dharmadhikary & Nikhil Kokra
An Optimization Problem

Maximize:
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Generative Melody Creator

Paul Lorenc & Leonardo Nerone

Submit Rhythm
: y x
Enter a comma seperated roman numeral notation of input
key quality ex... (E major) C major

chord progression, ex...(LiLV,il) iL,V,I
] notes per chord, ex..(453.2) 333

|__Loop |
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Sub— |
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Let's play a game

Search &
Inference




Problem ... ...



Solution




Last week
e Intro to hard problems
e The SAT problem

This week
e Using SAT solvers in Python
e Factors that affect solver runtimes

.
.......................................................................................................

11



Recall: SAT Problem

Given a formula ¢ of boolean variables, does there

exist a truth assignment that makes the entire formula
evaluate to True?

o Ex (xVy)=yissatisfiable with{x =T;y =T}
o Ex: (x AXx) isunsatisfiable

........................................................................................................



SAT terminology

o Assume only logical symbols are AND, OR, NOT
o Literal: a boolean variable (x) or its negation (x)

(x) is called a positive literal, and ( x ) is a negative literal
‘a variable as it appears in a formula”

o Clause: a disjunction/OR of literals
> eg (xvyVz)

» Note: we would say that (x Vy) A (x Vy) has 2 variables
and 4 literals



Conjunctive Normal Form

A boolean formulais in conjunctive normal form (CNF) if
it is a conjunction/AND of clauses (i.e., an AND of ORs)
‘a CNF" means “a formula in CNF’

Ex: which of the following are in CNF?
(xVyVvVz)A(x =>w)
xANyAz)V(YAZz)
(xVyVvz)A(yVz)
xXVyVz
X NX



CNF-SAT: a loss of
QQ&@MQMW%AT solvers to accept formulas in CNF, but what

if we need to solve any other non-CNF boolean formula?
Every SAT problem can be converted to a CNF-SAT problem
New problem will only be linearly bigger
If curious, google the Tseitin transformation



Notation

o Positive (x) and negative (x) literals

e Recallthat we often consider a clause as a set of literals,
and a CNF as a set of clauses

e Therefore might express CNFs in compact notation:

{xz,yzx} = ((xVzZ)A(yVzVXx)



MiniSAT

MiniSat is a minimal, open source SAT solver
created by Niklas Een & Niklas Sorensson

An Extensible SAT-solver (Een & Sorensson, 2003)
Silver medal in SAT Comp. 2005...
Wwith only ~600 lines of C++ codel!

Nikla Ee’n Niklas Sérensson



PicoSAT

e PicoSAT is an open source SAT solver created by
Prof. Armin Biere

O (QICompSAT and (Q)PicoSAT at the SAT' 06 Race (Biere 2006)
e Armin Biere: Handbook of Satisfiability
e Gold medalist in SAT Competition 2007
o Written in C, but bindings to Python, JS, R, etc.

O Well use this: can be easily installed with pip!

Armin Biere

.......................................................................................................



DEMO: Solving a CNF with
PicoSAT

Let's solve the following formula:

0 = {5,11,12, 412,543, 5%, 5§}

cnf = [[5])['4J1])['4)2]J[4)‘1J‘2])[‘5)4;3]:[SJ‘A])[S;‘3]]
pycosat.solve(cnf)

;. 2 =3, 4, 5]



SAT Encodings
Why do we care about SAT?

Can encode most problems as an
instance of CNF-SAT. Let's see how!



Warmup: Boolean Encodings

X =Yy {xy}
Xy {xy, yx}
xDy {xy, xy}

if x then y else z {xy,xz}



First-Order Logic Encodings

All(xq, ..., Xy) {x1,%X5, ..., Xn}
ALO(Xl, ,Xn) {x1x2 xn}
AMO (x4, ..., Xp) {xixj|[0<i<j<n}

ExactlyOne(xy, ..., Xp) ALO(...) A AMO(...)



Complexity of Encoding
AMO (x4, ..., %) (xixj|0<i<j<n]

Called the binomial encoding
How many clauses in this encoding?

Other encodings that use fewer clauses, but
introduce extra variables



Binary AMO Encoding
AMO(x1, ..., Xy)

Retain original variables x4, ..., x,

Let m = [Ign], and introduce new variables b, ..., b,,
b; represents j*™ bit of T, where x is the (<) one True var

Clauses:
b; if j*" bitofiis 1

xi =< ~
| by if jt" bitof i is 0

Vx;, b]

How many extra variables? How many clauses?



Good Encoding Matters

The performance of a SAT solver can vary
hugely depending on the encoding.

Different encodings work better in different
cases:. No “universal best encoding.

Start simple and be more clever if necessary.



Encoding Graph Coloring

Can we color G = (V,E) with < k colors?



Encoding Graph Coloring

Can we color G = (V,E) with < k colors?

x;c: If we assign v; color ¢
. Constraint 1. every vertex has = 1 color

{xi1%ip - X | VV; €V}



Encoding Graph Coloring

Can we color G = (V,E) with < k colors?

x;c: If we assign v; color ¢
. C2:if (u,v) € E, then u, v have different colors

{xicxjc | \vJ (vi,vj) (S E,C (S [1k]}



DEMO Part 1



From Coloring to
M\QE& ?\!«ggegw%d to find the (G), the

Mminimum number of colors to color G?

. Bihary search
Check if G can be colored with 1, 2, 4, 8, 16, ... colors
Stop at smallest value 2% such that G is 2¥-colorable
Binary search for y(G) in range [2K71, 2K]

Requires 0(1g x(G)) runs of solver



From Coloring to
Mwm(mtormg K, is it that there is NO VALID

k-coloring?
UNSAT can be way harder than SAT.

Finding just one satisfying assignment (SAT) vs. showing
that none exists (massive search space UNSAT)



PicoSAT Coloring
BenchBmarks 120 (=120, m=1276, =9
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1 2 3 4 5 6 7 8 9 10 1 12 13 14
Number of colors k

‘Running on a Dell XPS laptop with 16GB of RAM, in a Jupyter notebook.



Symmetry Breaking

Solving UNSAT graph coloring problems takes
a very long time... why?

Must rule out every symmetric coloring

Ex: equivalent colorings




Symmetry Breaking

Key idea: add constraints that rule out
equivalent symmetric colorings

Basic way to do this: pick some vertices
(ideally a dense subgraph) and fix their colors



DEMO Part 2



PicoSAT Coloring
Benchiryarksie!s (n=47, m=236, x=6)
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‘Running on a Dell XPS laptop with 16GB of RAM, in a Jupyter notebook.



Encoding Stable Matchings

We have n men and n women. Each man and woman
submits a preference list ranking everyone of the
opposite sex (descending).

Goal: find a matching of men to women.

A man and woman who both prefer each other to their
matched partners are a blocking pair.

A matching is stable if it has no blocking pairs.



Encoding Stable Matchings

my,: if man i is matched to pt* woman or later on his list
wip: if woman i is matched to pt" man or later on her list

Wy > W, M, Wy [My > M;]
(W, > W,] M, W, [M; > M,]

T F T T T F T T



Encoding Stable Matchings

my,: if man i is matched to pt" woman or later on his list
wip,: if woman i is matched to pt" man or later on her list

C1: every man is matched
{mil | 1<i< n}

(plus symmetric constraints for women for this and the following constraints)



Encoding Stable Matchings

m;,: if man i is matched to pth woman or later on his list
wip,: if woman i is matched to pt" man or later on her list

C2: if a man gets his pt" or later choice, it's also
his (p — 1)t" or later choice

{mipzmi(p_l)‘lﬁiﬁn,ZSpSn}



Encoding Stable Matchings

my,: if man i is matched to pt* woman or later on his list
wip: if woman i is matched to pt" man or later on her list

C3:if man i is matched to woman j, then she is
matched to him also

{mip AMip+1) = Wig AW+ |1 =L)< n}

p = position of woman j in man i's list
q = position of man i in woman j's list



Encoding Stable Matchings

my,: if man i is matched to pt* woman or later on his list
wip: if woman i is matched to pt" man or later on her list

C4: if man i is matched to someone worse than
woman j, her match must be better than him

{mi(pﬂ) = m‘ 1<1i,j< n}

p = position of woman j in man i's list
q = position of man i in woman j's list



Why Stable Matchings?

Gale-Shapley algorithm solves SM problem in
linear time. Why use SAT solvers?

SMTI: stable matching problem where preference
lists may be incomplete and contain ties

SM-C.: stable matching problem with couples
Our encoding easily generalizes to SMTI, SM-C
Theorem: SMTIl and SM-C are NP-complete.



Next Week

Start learning how SAT solvers work
Homework 1 due in two weeks

Encoding Sudoku into SAT
Extra credit challenge!



Stay Healthy

“For a thinking person, the most serious mental illness is not being sure of who you are.” ~Benoit Mandelbrot
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