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The story so far...

� Signs and Interval analyses: Latti
e Inequalities.� Iteration strategy for solving latti
e inequalities.

x0 = f(⊥), x1 = f(x0), · · ·� The iteration 
onverges if the latti
e is �nite.� If the latti
e is not �nite, then iteration may diverge.� We used widening to for
e 
onvergen
e.� Widening rea
hes a post�xed point
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As
ending/Des
ending Iterations

f(xN) ⊑ xN Widening post-�xed point

f(xN)

f2(xN) Des
ending iteration

xi+1 = xi∇f(xi) fi(xN) = fi+1(xN)

f∗(⊥) Least �xed point

x2 = x1∇f(x1)

x1 = f(⊥)∇f2(⊥) f3(⊥)

f2(⊥)

f(⊥)

⊥
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Des
ending Iteration: Convergen
eDes
ending Chain Condition: Dual to As
ending Chain
ondition.
Des
ending iteration need not ne
essarily 
onverge in �nitely manysteps.

(1) Stop the iteration after some �xed number of steps.This is not a good idea (for large programs).

(2) Use a �narrowing� operator to for
e 
onvergen
e.
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Narrowing

Let b ⊏ a, then a △ b is intermediate to a, b.

b ⊑ a △ b ⊑ a .Let a1 ⊐ a2 ⊐ a3 ⊐ . . . be an in�nite de
reasing iteration.Narrowed iteration: De�ne sequen
e b1, b2, . . . ,:
b1 = a1, bi+1 = bi △ (ai+1) .(1) b1 ⊒ b2 ⊒ · · · ⊒ bN = bN+1 for N > 0.(2) min⊑{a1, a2, . . . , } ⊑ bN.
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Illustration:
x

x △ f(x)

f(x)

⊑

Property: If f(x) ⊑ x then f(x △ f(x)) ⊑ x △ f(x) .Therefore, result of narrowing is still part of the de
reasingiteration.
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Interval Narrowing

Let [c, d] ⊑ [a, b]. Then [a, b] △ [c, d] = [ℓ, u].

ℓ =






c a = −∞

a otherwise
u =






d b = ∞

b otherwiseSpe
ial 
ase: x △⊥ = ⊥.
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Interval Narrowing: Examples

[1, 1] △⊥ = ⊥

[−1, ∞) △ [1, 10] = [−1, 10]

[−1, ∞) △ [5, ∞) = [−1, ∞)

[−∞, ∞] △ [0, 10] = [0, 10]
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Updated pi
ture with Widening/Narrowing sequen
e
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Delayed Widening

In order to improve pre
ision:� First apply k > 0 regular iterations,
x0 = ⊥, xi+1 = f(xi), if i < k .� Then apply widening iteration until post �xed point.

xi+1 = xi∇f(xi) .� Similarly narrowing iteration 
an be delayed.
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Example: Delayed Widening

n0 : (i, j) := (0, 0)

n1

n2 : i < 100

n3 : i == 0

n4 : i + +, j + + n5 : i + +

n6
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With no delay in widening, we 
ompute the �xed point at n1:

i ∈ [0, 100] and j ∈ [0, ∞) .With delay in widening (∼ 5) step delay, we 
an 
ompute:

i ∈ [0, 100] and j ∈ [0, 1] .
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Where to widen?Our 
urrent approa
h says widen everywhere.

n0 : x < 100

n1 : x := 0 n2 : x := 1

n3 : x := x + 1

n4 : x := x + 1

n5

Question: With delayless widening, what is the solution
omputed at n5? 13



Widening strategy

� Widening needs to be applied when there are loops in the 
ode.� Widening needs to be applied only at the loop heads:

xi+1
j =






f(xi
j) if nj not a loop head

xi
j∇f(xi

j) if nj is the head of a loop� Similarly, we need to narrow only at the heads of loops.
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Widening Upto Operator

� Current widening goes from �nite to in�nity in one step:

[0, 0]∇[0, 1] = [0, ∞), [0, 1]∇[−1, 1] = (−∞, 1] .� Upto set: A set of integer points. Eg.,
U = {−1, 0, 1, 100, 200, 1000}.� Widening upto operator ∇U: 
hoose the smallest bound fromthe upto set to repla
e (if no bound exists, use ±∞).� Eg., [−1, 5]∇U[−1, 6] = [−1, 100], [1, 10]∇U[0, 10] = [−1, 10],

· · · .
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The Big Pi
ture

� Signs Analysis: Compute a sign for every variable.� Interval Analysis: Compute an interval for every variable.� Are these analyses sound? What does soundness mean?
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Colle
ting Semanti
s

a.k.a �Con
rete Interpretation�.

State: A program state is an assignment of integer values tovariables.

s : 〈x1 : v1, x2 : v2, . . . , xn : vn〉 .Let Σ : Z × Z × · · · × Z be the set of all program states.Rea
hable states: Let Reach(n) ⊆ Σ be the set of all statesrea
hing a lo
ation n.
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Con
rete Interpretation

n0 : y := · · · post(n0, Reach(n0)) ⊆ Reach(n1)

n1 Reach(n5) ⊆ Reach(n1)

n2 : y > 1 Reach(n1) ⊆ Reach(n2)

n3 : ϕ1 Reach(n2) ∩ [[y > 1]] ⊆ Reach(n3)

n4 : · · · n6 : · · · Reach(n3) ∩ [[ϕ1]] ⊆ Reach(n4)

n5 post(n4, Reach(n4)) ⊆ Reach(n5)

post(n6, Reach(n6)) ⊆ Reach(n5)
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Rea
hable States

� The 
on
rete latti
e is C : 2Σ ordered by ⊆.� Rea
hable states 
an be expressed as a �x point of a monotoni
fun
tion over sets of states.
Reach(·) : {F(∅) ∪ F2(∅) ∪ · · · ∪ Fn(∅)} .� This is however, a purely theoreti
al exer
ise.� The latti
e of state sets 2Σ has in�nite height.� Arbitrary in�nite sets 
annot be represented inside a
omputer. 19



Galois Conne
tions
20



Galois Conne
tion

Consider two latti
es 〈C,⊆〉 and 〈A,⊑〉.

A Galois Conne
tion between C and A is a pair of fun
tions

α : C 7→ A and γ : A 7→ C, su
h thatfor all S ∈ C and a ∈ A, α(S) ⊑ a i� S ⊆ γ(a) .

α is 
alled the �Abstra
tion Map� and γ is 
alled the�Con
retization Map�.
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Example #1: Signs Latti
e

Z ⊤

{x|x > 0} {0} {x|x < 0} + 0 -

∅ ⊥

⊆ ⊑

α(I) =






‘‘⊥ ′′, if I = ∅

‘‘+ ′′, if I ⊆ Pos

‘‘− ′′, if I ⊆ Neg

‘‘0 ′′, if I ≡ {0}

‘‘⊤ ′′, o.w.
γ(c) = [[c]] .
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Example# 2: Interval Latti
e

Let C : 2Z and A : Intervals.
α(X) = [min(X), max(X)

γ([ℓ, u]) = [[ℓ, u]] = {z | ℓ ≤ z ≤ u} .Verify the Galois 
onne
tion.
(∀I ⊆ Z, [ℓ, u] ∈ Intervals) α(I) ⊑ [ℓ, u] i� I ⊆ γ([ℓ, u]) .
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Galois Conne
tion: Intuition

α : Sets of States 7→ Abstra
tion (signs/intervals/...) .and

γ : Abstra
tion 7→ Sets of states it represents .Question: What does a Galois 
onne
tion mean?

If a abstra
ts a set S i� the 
on
retization of a overapproximates S.
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Galois Conne
tion: �Best� abstra
tion & 
on
retizationProperty # 0: Derive α given γ (and vi
e versa).

Idea:�Best� abstra
tion of S should be the smallest abstra
t elementthat 
ontains S.
αb(S) = min{a | S ⊆ γ(a)} .Similarly, �best� 
on
retization given α is
γb(a) = max{S | α(S) ⊑ a} .

Let us try to apply this to the two domains we have seen.
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Galois Conne
tion: Closure

Property # 1: (∀S ∈ C) S ⊆ γ(α(S))Proof:
α(S) ⊑ α(S).Therefore, S ⊆ γ(α(S)) .Property # 2: (∀a ∈ A) α(γ(a)) ⊆ a

Proof:

γ(a) ⊆ γ(a).Therefore, α(γ(a)) ⊑ a .
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Galois Conne
tion: Monotoni
ity

Property # 3: α and γ are monotoni
. I.e.,If S1 ⊆ S2 then α(S1) ⊑ α(S2) .Similarly, If a1 ⊑ a2 then γ(a1) ⊆ γ(a2) .Proof: Let S1 ⊆ S2. We know from Property #1 that

S2 ⊆ γ(α(S2)). Therefore, S1 ⊆ γ(α(S2)). Applying Galois
onne
tion de�nition, α(S1) ⊆ α(S2).Similarly, we 
an prove the other part too.
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Join Preservation

Property # 4: For all S1, S2 ∈ C,
α(S1 ∪ S2) = α(S1) ⊔ α(S2) .Proof: We rely on a sub-fa
t about latti
es.

Fa
t: If for a, b ∈ L, for all c ∈ L,
a ⊑ c ↔ b ⊑ c then a = b.
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α(S1 ∪ S2) ⊑ c i� S1 ∪ S2 ⊆ γ(c)i� S1 ⊆ γ(c), S2 ⊆ γ(c)i� α(S1) ⊑ c, α(S2) ⊑ ci� α(S1) ⊔ α(S2) ⊑ cNow applying fa
t, we get
α(S1 ∪ S2) = α(S1) ⊔ α(S2) .
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Meet Preservation

For all S1, S2 ∈ C,
α(S1 ∩ S2) = α(S1) ⊓ α(S2) .Proof: Use dual fa
t.
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Monotone Fun
tion Theorem

Let f : C 7→ C and g : A 7→ A be monotone fun
tions on C, Arespe
tively.
g is a sound abstra
tion of f i�

∀ S ∈ C, α(f(S)) ⊑ g(α(S)) .Claim: α(LFPC(f)) ⊑ LFPA(g).1. α(∅) = ⊥2. ∀ n ≥ 0, ∀S ∈ C, α(fn(S)) ⊑ gn(α(S))3. α(LFP(f)) ⊑ LFP(g).
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Proving Soundness of Abstra
t Interpretation
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Ba
kground

� We have a �
on
rete domain� C : 2Σ and abstra
t domain 〈L,⊑〉.� Fixed point inside latti
e C : Reach(n).� Data�ow analysis inside latti
e L : fp(n) (eg.,

sign(n, x), Rng(n, y)).� Goal: Relate 
on
rete �xed point Reach(n) with abstra
t �xedpoint fpL(n).� Let 〈α, γ〉 be a galois 
onne
tion between C and L.
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Soundness: Basi
 Operations

We will establish α ◦ f ⊑ g ◦ α.� For any sets S1, S2,
α(S1 ∪ S2) ⊑ α(S1) ⊔ α(S2) .This is the join preservation result.� For sets S1, S2,

α(S1 ∩ S2) ⊑ α(S1) ⊓ α(S2) .The meet preservation result.34



� For any set S1,
α(postC(n, S)) ⊑ postL(n, α(S)) .This is a requirement.� We 
an now lift the result to data�ow inequalities.

35



Soundness: Data�ow Inequalities

For a given program P,Let F(X) ⊆ X be the �ow inequalities in the 
on
rete domain.Let g(x) ⊑ x be the �ow inequalities in the abstra
t domain.

Obs. 1: F and g are stru
turally identi
al.For example,

F : post(n0, X0) ∪ (X1 ∩ [[I]]) ∪ post(n1, X1) ∪ X2 .and

g : postL(n0, x0) ⊔ (x1 ⊓ α(I)) ⊔ post(n1, x1) ⊔ x2 .36



Reason: The generation of data�ow inequalities is�syntax-dire
ted�.

Obs. 2: α(F(X)) ⊑ g(α(x)).

Proof: Build this up from proof for basi
 operations.
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SoundnessLet L be a data�ow latti
e su
h that1. There exists a Galois 
onne
tion between L and 
on
retedomain C.2. Post 
ondition on L is sound, w.r.t post 
ondition on C,

α(post(n, S)) ⊑ postL(n, α(S)) .given program we get the data�ow inequalities:
F(X) ⊆ X on C and g(x) ⊑ x on L,then, the least �xed point of g on L abstra
ts the LFP of F on C.

LFPC(F) ⊑ LFPL(g) .
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